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䂽懂抆䇎䏒

1.唗F喴憘䊇嗪抍⚧F [x]㝌喫F哾䀛䃵妑喪䒂, Fm×n䏚F [x]m×n䆩㝏㝌喫
抍F䏚䒂F [x]哾嚤扫m× n䛝搊敼㢤䀛䔸䏜┢

2.䃩扵f1(x), f2(x), · · · , fn(x) ∈ F [x],扞

(f1(x), f2(x), · · · , fn(x))(䒽 gcd{fi(x)|1 ≤ i ≤ n})

䏚

[f1(x), f2(x), · · · , fn(x)](䒽lcm{fi(x)|1 ≤ i ≤ n})

䆩㝏㝌喫䃵妑喪f1(x), f2(x), · · · , fn(x)䀛嗄妑奘嗪墏1䀛斁㦌䋺懏喪䏚
斁怂䋺㜕喪┢
3.唗A(x) = (aij(x))n×n ∈ F [x]n×n⚧员䍊䀈i ̸= j喞⚧aij(x) = 0,捋
㢡A(x)墏䃩䘎䛝搊⚧䕐墏 A(x) = diag(a11(x), a22(x), · · · , ann(x))┢
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擌憇䘨䧘

1.䂽䡮1:唗A(x) = diag(f1(x), f2(x), · · · , fn(x)) ∈ F [x]n×n,務撥f1(x),
f2(x),· · · , fn(x)喴䆚䤢䃵妑喪┢捋扫

(i) A(x)䀛㝉敏怯䛤扫怯喪

B(x) = diag(d1(x), d2(x), · · · , dn(x)),

務撥di(x) ̸= 0, i = 1, 2, · · · , n,厅䀈i ≤ j喞⚧di(x)|dj(x);
(ii)di(x) = gcd{lcm{fn1(x), fn2(x), · · · , fni(x)}|1 ≤ n1 < · · · < ni ≤ n},
1 ≤ i ≤ n;
(iii)dn−i+1(x) = lcm{gcd{fn1(x), fn2(x), · · · , fni(x)}|1 ≤ n1 < n2 <
· · · < ni ≤ n}, 1 ≤ i ≤ n.
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擌憇䘨䧘

2.扤䂽䡮1䞌䝷㣑,

d1(x) = gcd{fi(x)|1 ≤ i ≤ n} = (f1(x), f2(x), · · · , fn(x)),

dn(x) = lcm{fi(x)|1 ≤ i ≤ n} = [f1(x), f2(x), · · · , fn(x)].

扱懏墏A(x)抆務㝉敏怯B(x)䀟䕤,嚤憱㥿挳䞌兟䛝搊

U(x) = (uij(x))n×n,V(x) = (vij(x))n×n ∈ F [x]n×n,

喦䀚U(x)A(x)V(x) = B(x),扵喴

d1(x) =

n∑
i,j=1

u1i(x)aij(x)vj1(x) =

n∑
i=1

u1i(x)vi1(x)fi(x).
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擌憇䘨䧘

3.䓄扵哾嗣圿䧘,奥傡坊䋸憘䊇埓喞厦䞌兟䛝搊U(x)䏚V(x)憱䔹斁㦌䋺
懏喪d1(x)䏚斁怂䋺㜕喪dn(x)㞿䗲d1(x)㝌墏f1(x), f2(x), · · · , fn(x)䀛敼
䏜䀛扫怈䆐䅻.

4.䌈捅2n䘞䛝搊

(
A(x) En

En O

)
,務撥En喴n䘞㧼墠䛝搊. 扵喴扫

(
U(x) O
O En

)(
A(x) En

En O

)(
V(x) O
O En

)
=

(
U(x)A(x)V(x) U(x)

V(x) O

)
=

(
B(x) U(x)
V(x) O

)

5.㥬哾喪䞌䝷㣑,撐憇䃩䛝搊
(
A(x) En

En O

)
䀛ˇn怱抆ˇn䤏斊㣐䀟㝃䒆,

䗲A(x)㝃墏㝉敏怯B(x),捋䉔䛝搊扭哾䆐䀛㧼墠䛝搊En㝃㢤䞌兟䛝
搊U(x),斆奥䆐䀛㧼墠䛝搊En㝃㢤䞌兟䛝搊V(x),埓喞䒼䀚斁㦌䋺懏
喪d1(x)䏚斁怂䋺㜕喪dn(x),㞿䗲d1(x)㝌墏f1(x), f2(x), · · · , fn(x)䀛憘䊇
敼䏜.
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擌憇䘨䧘

6.䡾1唗f1(x) = x3 − x2, f2(x) = x3 − 2x2 + x, f3(x) = x3 − x2 − x+ 1
∈ F [x], A(x) = diag(f1(x), f2(x), f3(x)) ∈ F [x]3×3.
(1)厦䞌兟䛝搊U(x),V(x) ∈ F [x]3×3,喦䀚U(x)A(x)V(x)墏㝉敏怯;
(2)厦(f1(x), f2(x), f3(x))抆[f1(x), f2(x), f3(x)],㞿䗲(f1(x), f2(x),
f3(x))㝌墏䃵妑喪f1(x), f2(x), f3(x)䀛憘䊇敼䏜.

䘩:䌈捅6䘞䛝搊

C(x) =

(
A(x) E3

E3 O

)

=



x3 − x2 0 0 1 0 0
0 x3 − 2x2 + x 0 0 1 0
0 0 x3 − x2 − x+ 1 0 0 1
1 0 0
0 1 0 O
0 0 1

 ,
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擌憇䘨䧘

䃩C(x)䀛前呮怱抆前呮䤏斊㣐䀟㝃䒆

C(x)→



x− 1 0 0 1 0 −1
0 x3 − 2x2 + x 0 −1 + x 1 −x
0 0 x5 − x4 − x3 + x2 −x2 + 1 0 x2

1 0 x2 − 1
1 1 x2 + x O
1 0 x2

,

(1)嚤厦䀛䞌兟䛝搊墏

U(x) =

 1 0 −1
x− 1 1 −x

−x2 + 1 0 x2

 ,V(x) =

1 0 x2 − 1
1 1 x2 + x
1 0 x2

 ,

埓喞U(x)A(x)V(x) = diag(x− 1, x3 − 2x2 + x, x5 − x4 − x3 + x2).
(2)(f1(x), f2(x), f3(x)) = x− 1, [f1(x), f2(x), f3(x)] = x5 − x4 − x3 + x2,

䘿䄍x− 1 = u11(x)v11(x)f1(x) + u12(x)v21(x)f2(x) + u13(x)v31(x)f3(x)

= 1 · f1(x) + 0 · f2(x) +−1 · f3(x).
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扁扞

㜝䘡擌憇䡼扞䃩䘎䃵妑喪䛝搊㝉敏怯䊉㣑䛝搊䃵妑喪撝䀛䏚䀛憘怊
䏰䀟喪.

1. 唗f(x) =
k∑

i=0
aix

i ∈ F [x],A ∈ Fn×n,䂽懂f(A) =
k∑

i=0
aiA

i,務

撥A0 = En,捋f(A) ∈ Fn×n┢挲唗C(x) = (cij(x)) ∈ F [x]m×m,䂽懂䆩
䞬䛝搊C(A) = (cij(A)),捋C(A) ∈ Fmn×mn,坁㝏䀯,员䍊C(x)喴䃩䘎
䛝搊,兀ôC(A)喴䆩䞬䃩䘎䛝搊.
2.䂽䡮2唗f1(x), f2(x), · · · , fm(x) ∈ F [x]喴䆚䤢䃵妑喪,
di(x) = gcd{lcm{fm1(x), fm2(x), · · · , fmi(x)}|1 ≤ m1 < · · · < mi ≤ m},
1 ≤ i ≤ m,A ∈ Fn×n.兀ô

m∑
i=1

r(fi(A)) =
m∑
i=1

r(di(A)).
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扁扞

㜝䘡擌憇䡼扞䃩䘎䃵妑喪䛝搊㝉敏怯䊉㣑䛝搊䃵妑喪撝䀛䏚䀛憘怊
䏰䀟喪.

1. 唗f(x) =
k∑

i=0
aix

i ∈ F [x],A ∈ Fn×n,䂽懂f(A) =
k

i

∑
=0

aiA
i,務

撥A0 = En,捋f(A) ∈ Fn×n┢挲唗C(x) = (cij(x)) ∈ F [x]m×m,䂽懂䆩
䞬䛝搊C(A) = (cij(A)),捋C(A) ∈ Fmn×mn,坁㝏䀯,员䍊C(x)喴䃩䘎
䛝搊,兀么C(A)喴䆩䞬䃩䘎䛝搊.

2.䂽䡮2唗f1(x), f2(x), · · · , fm(x) ∈ F [x]喴䆚䤢䃵妑喪,
di(x) = gcd{lcm{fm1(x), fm2(x), · · · , fmi(x)}|1 ≤ m1 < · · · < mi ≤ m},
1 ≤ i ≤ m,A ∈ Fn×n.兀ô

m∑
i=1

r(fi(A)) =
m∑
i=1

r(di(A)).
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扁扞

㜝䘡擌憇䡼扞䃩䘎䃵妑喪䛝搊㝉敏怯䊉㣑䛝搊䃵妑喪撝䀛䏚䀛憘怊
䏰䀟喪.

1. 唗f(x) =
k∑

i=0
aix

i ∈ F [x],A ∈ Fn×n,䂽懂f(A) =
k

i

∑
=0

aiA
i,務

撥A0 = En,捋f(A) ∈ Fn×n┢挲唗C(x) = (cij(x)) ∈ F [x]m×m,䂽懂䆩
䞬䛝搊C(A) = (cij(A)),捋C(A) ∈ Fmn×mn,坁㝏䀯,员䍊C(x)喴䃩䘎
䛝搊,兀么C(A)喴䆩䞬䃩䘎䛝搊.
2.䂽䡮2唗f1(x), f2(x), · · · , fm(x) ∈ F [x]喴䆚䤢䃵妑喪,
di(x) = gcd{lcm{fm1(x), fm2(x), · · · , fmi(x)}|1 ≤ m1 < · · · < mi ≤ m},
1 ≤ i ≤ m,A ∈ Fn×n.兀么

m∑
i=1

r(fi(A)) =

m∑
i=1

r(di(A)).

圠憨䕛 (䈴撲㦌惆) 䃩䘎䃵妑喪䛝搊䀛㝉敏怯䔹務扁扞 2024兣12挛28呆 9 / 15



扁扞

3.䂽䡮3唗f1(x), f2(x), · · · , fm(x) ∈ F [x]喴䆚䤢䃵妑喪, dm−i+1(x) =
lcm{gcd{fm1(x), fm2(x), · · · , fm1(x)}|1 ≤ m1 < · · · < mi ≤ m},
1 ≤ i ≤ m,A ∈ Fn×n,兀么

m∑
i=1

r(fi(A)) =

m∑
i=1

r(di(A))

4.挳䂽䡮3撥,员䍊f1(x), f2(x), · · · , fm(x)䣼䣼䑰嚃,兀么

dm(x) =

m∏
i=1

fi(x), d1(x) = · · · = dm−1(x) = 1.

扤䂽䡮3,墷傂扫
埭䧘1 [4,䂽䡮2.2⚶5,䂽䡮1]唗f1(x), f2(x), · · · , fm(x) ∈ F [x]喴䆚䤢䃵
妑喪⚧A ∈ Fn×n.员䍊f1(x), f2(x), · · · , fm(x)䣼䣼䑰嚃,兀么

m∑
i=1

r(fi(A)) = (m− 1)n+ r(
m∏
i=1

fi(A)).

圠憨䕛 (䈴撲㦌惆) 䃩䘎䃵妑喪䛝搊䀛㝉敏怯䔹務扁扞 2024兣12挛28呆 10 / 15



扁扞

5.䡾2 [6,䂽䡮2.1]
唗f(x), g(x), h(x) ∈ F [x],A ∈ Fn×n,厅(f(x), h(x)) = 1,捋

r(f(A)g(A)) + r(g(A)h(A)) = r(f(A)g(A)h(A)) + r(g(A)).

摹: 唗f1(x) = f(x)g(x), f2(x) = g(x)h(x),兀么

d1(x) = (f1(x), f2(x)) = g(x)(f(x), h(x)) = g(x),

d2(x) = [f1(x), f2(x)] = g(x)[f(x), h(x)] = f(x)g(x)h(x).

扤䂽䡮2䀚

r(f(A)g(A)) + r(g(A)h(A)) = r(f(A)g(A)h(A)) + r(g(A)).
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扁扞

6.䡾3 [5,傷坋4]唗A ∈ Fn×n,䃩吿䏛呮䊇䃵妑喪f(x), g(x), h(x) ∈ F [x],
呥扫

f(A)g(A)) = f(A)h(A)) = g(A)h(A)) = O,

捋f(x), g(x), h(x)㟘䞌兕䣼䣼䑰嚃.
摹: 唗f1(x) = f(x)g(x), f2(x) = f(x)h(x), f3(x) = g(x)h(x).

䕢唗f(x), g(x), h(x)䣼䣼䑰嚃,兀么

d1(x) = (f1(x), f2(x), f3(x)) = (f(x)g(x), f(x)h(x), g(x)h(x)) = 1,

d2(x) = ([f1(x), f2(x)], [f1(x), f3(x)], [f2(x), f3(x)]) = f(x)g(x)h(x),

d3(x) = [f1(x), f2(x), f3(x)] = f(x)g(x)h(x).

扤䂽䡮2摿,

r(f(A)g(A)) + r(f(A)h(A)) + r(g(A)h(A))

=r(En) + r(f(A)g(A)h(A)) + r(f(A)g(A)h(A)),

䔽0 = n,矛䃱.
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扁扞

7.䡾4[7,䂽䡮7]
唗A ∈ Fn×n,搔搒嗪m, t䧷敶m > t ≥ 2,捋

At = Am䀈厅䘽䀈r(At) + r(A−Am−t+1) = r(A).

摹:唗f1(x) = xt, f2(x) = x− xm−t+1,兀么

(f1(x), f2(x)) = x, [f1(x), f2(x)] = xt − xm.

扤䂽䡮2,䀚

r(At) + r(A−Am−t+1) = r(A) + r(At −Am).

扵喴
At = Am䀈厅䘽䀈r(At) + r(A−Am−t+1) = r(A).
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敯䘨

㜝墩䀛擌憇䘨䧘䂽䡮1㟘䘽䊉㣑䤊䃩䘎䃵妑喪䛝搊㝉敏怯䀛䛤坎㝌
㦈喪⚧埓喞䒄䊉㣑䤊憘䊇埓喞厦䃵䊇䃵妑喪䀛斁㦌䋺懏喪䏚斁怂䋺㜕喪
憱䔹䗲斁㦌䋺懏喪㝌墏揹怊䃵妑喪䀛敼䏜䀛扫怈䆐䅻┢䡼扞䂽䡮1⚧㜝
墩䒄䊉㣑䤊䃵䊇䛝搊䃵妑喪撝䀛䏚䀛憘怊䏰䀟喪⚧䘿憘㟚䆴䉌䤊扫䌧䛝
搊撝䀛惯䛄兓呎┢
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